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Abstract. We discuss some new developments in three-dimensional gravity with torsion,
based on Riemann-Cartan geometry. Using the canonical approach, we study the structure
of asymptotic symmetry, clarify its fundamental role in defining the gravitational conserved
charges, and explore the influence of the asymptotic structure on the black hole entropy.
1. Introduction
Although general relativity (GR) successfully describes all the known observational data, such
fundamental issues as the nature of classical singularities and the problem of quantization remain
without answer. Faced with such difficulties, one is naturally led to consider technically simpler
models that share the same conceptual features with GR. A particularly useful model of this
type is three-dimensional (3d) gravity [1, 2, 3, 4, 5].
Following a widely spread belief that GR is the most reliable approach to describe the
gravitational phenomena, 3d gravity has been studied mainly in the realm of Riemannian
geometry. However, there is a more general conception of gravity, based on Riemann-Cartan
geometry [6], in which both the curvature and the torsion are used to describe the gravitational
dynamics. Here, we focus our attention on some new developments in 3d gravity, in the realm of
Riemann-Cartan geometry [7, 8, 9, 10]. We show that the symmetry of anti-de Sitter asymptotic
conditions is described by two independent Virasoro algebras with different central charges, in
contrast to GR. We also derive the expressions for the related conserved charges, energy and
angular momentum, and discuss the new form of the black hole entropy.
2. Basic dynamical features
Theory of gravity with torsion can be formulated as Poincare´ gauge theory (PGT), with an
underlying geometric structure described by Riemann-Cartan space [6].
Basic gravitational variables in PGT are the triad field bi and the Lorentz connection
Aij = −Aji (1-forms). The corresponding field strengths are the torsion and the curvature:
T i = dbi + Aim ∧ b
m, Rij = dAij + Aim ∧ A
mj (2-forms). Gauge symmetries of the theory are
local translations and local Lorentz rotations, parametrized by ξµ and εij .
In 3D, we simplify the notation by introducing Aij = −εijkωk, R
ij = −εijkRk, ε
ij = −εijkθk.
In local coordinates xµ, we have bi = biµdx
µ, ωi = ωiµdx
µ. The field strengths take the form
T i = dbi + εijkω
j ∧ bk , Ri = dωi +
1
2
εijkω
j ∧ ωk , (2.1)
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and gauge transformations are
δ0b
i
µ = −ε
i
jkb
j
µθ
k − (∂µξ
ρ)biρ − ξ
ρ∂ρb
i
µ ,
δ0ω
i
µ = −∇µθ
i − (∂µξ
ρ)ωiρ − ξ
ρ∂ρω
i
µ , (2.2)
where ∇µθ
i = ∂µθ
i + εijkω
j
µθ
k is the covariant derivative of θi.
To clarify the geometric meaning of PGT, we introduce the metric tensor as a bilinear
combination of the triad fields: g = ηijb
i ⊗ bj ≡ gµνdx
µ ⊗ dxν , where ηij = (+,−,−). Although
metric and connection are in general independent geometric objects, in PGT they are related to
each other by the metricity condition: ∇g = 0. Consequently, the geometric structure of PGT
is described by Riemann-Cartan geometry . The metricity condition implies the identity
ωi = ω˜i +Ki , (2.3)
where ω˜i is Riemannian connection, Kijk = −
1
2
(Tijk − Tkij + Tjki) is the contortion, and K
i is
defined by Kijmb
m ≡ Kij = −εijkKk.
General gravitational dynamics is defined by Lagrangians which are at most quadratic in
field strengths. Omitting the quadratic terms, Mielke and Baekler proposed a topological model
for 3D gravity [7], defined by the action
I = aI1 + ΛI2 + α3I3 + α4I4 + IM ,
I1 ≡ 2
∫
bi ∧Ri , I2 ≡ −
1
3
∫
εijkb
i ∧ bj ∧ bk ,
I3 ≡
∫ (
ωi ∧ dωi +
1
3
εijkω
i ∧ ωj ∧ ωk
)
, I4 ≡
∫
bi ∧ Ti , (2.4)
where IM is a matter contribution. The first term, with a = 1/16πG, is the usual Einstein-
Cartan action, the second term is a cosmological term, I3 is the Chern-Simons action for the
Lorentz connection, and I4 is a torsion counterpart of I1. The Mielke-Baekler model is a natural
generalization of Riemannian GR with a cosmological constant (GRΛ).
For isolated gravitational systems, gravitational sources can be practically ignored in the
asymptotic region. Hence, the asymptotic structure of the theory is determined by the vacuum
field equations. In the sector α3α4 − a
2 6= 0, these equations take the simple form
2T i = pεijk b
j ∧ bk , p ≡
α3Λ+ α4a
α3α4 − a2
,
2Ri = qεijk b
j ∧ bk , q ≡ −
(α4)
2 + aΛ
α3α4 − a2
. (2.5)
Thus, the vacuum configuration is characterized by constant torsion and constant curvature.
For p = 0 or q = 0, the vacuum geometry is Riemannian (T i = 0) or teleparallel (Ri = 0).
In Riemann-Cartan spacetime, one can use the identity (2.3) to express the curvature Ri(ω) in
terms of its Riemannian piece R˜i ≡ Ri(ω˜) and the contortion: Ri(ω) = R˜i+∇Ki−1
2
εimnKm∧Kn.
This result, combined with the field equations (2.5), leads to
2R˜i = Λeff ε
i
jk b
j ∧ bk , Λeff ≡ q −
1
4
p2 , (2.6)
where Λeff is the effective cosmological constant. Thus, our spacetime is maximally symmetric:
for Λeff < 0 (Λeff ≥ 0), the spacetime manifold is anti-de Sitter (de Sitter, Minkowski). In what
follows, our attention will be focused on the anti-de Sitter sector: Λeff = −1/ℓ
2 < 0.
3. The black hole with torsion
For Λeff < 0, equation (2.6) has a well known solution for the metric — the BTZ black hole. In
the static coordinates xµ = (t, r, ϕ) with 0 ≤ ϕ < 2π, the black hole metric is given by
ds2 = N2dt2 −N−2dr2 − r2(dϕ+Nϕdt)
2 ,
N2 =
(
−8Gm+
r2
ℓ2
+
16G2J2
r2
)
, Nϕ =
4GJ
r2
, (3.1)
Using local Lorentz invariance, we can choose bi to have the simple, “diagonal” form:
b0 = Ndt , b1 = N−1dr , b2 = r (dϕ+Nϕdt) . (3.2a)
To find the connection, we combine the relation Ki = (p/2)bi, which follows from the first field
equation in (2.5), with the identity (2.3). This yields
ωi = ω˜i +
p
2
bi ,
ω˜0 = −Ndϕ , ω˜1 = N−1Nϕdr , ω˜
2 = −
r
ℓ2
dt− rNϕdϕ . (3.2b)
where ω˜i is Riemannian connection, defined by dω˜i + εijkω˜
jbk = 0. Equations (3.2) define the
analogue of the BTZ black hole in Riemann–Cartan spacetime [8, 9].
As a constant curvature spacetime, the black hole is locally isometric to the AdS solution
(AdS3), obtained formally from (3.2) by the replacement J = 0, 8Gm = −1.
4. Asymptotic conditions
For isolated gravitational systems, matter is absent from the asymptotic region, but it can
influence global properties of spacetime through the asymptotic conditions. The symmetries of
these conditions are closely related to the gravitational conserved charges [10].
For Λeff < 0, maximally symmetric AdS solution has the role analogous to the role of
Minkowski space in the Λeff = 0 case. Following the analogy, we could choose that all the fields
approach the single AdS3 configuration at large distances, leading to the global AdS symmetry.
However, this choice would exclude the important black hole solution. This motivates us to
introduce the asymptotic AdS configurations, determined by the following requirements:
(a) the asymptotic conditions include the black hole configuration,
(b) they are invariant under the action of the AdS group SO(2, 2), and
(c) the asymptotic symmetries have well defined canonical generators.
The asymptotics of the triad field biµ that satisfies (a) and (b) reads:
biµ =


r
ℓ
+O1 O4 O1
O2
ℓ
r
+O3 O2
O1 O4 r +O1

 . (4.1a)
Here, for any On = c/r
n, we assume that c is not a constant, but a function of t and ϕ,
c = c(t, ϕ), which is the simplest way to ensure the global SO(2, 2) invariance.
The asymptotic form of ωiµ is defined in accordance with (3.2b):
ωiµ =


pr
2ℓ
+O1 O4 −
r
ℓ
+O1
O2
pℓ
2r
+O3 O2
−
r
ℓ2
+O1 O4
pr
2
+O1

 . (4.1b)
A verification of the third condition (c) is left for the next section.
Having chosen the asymptotic conditions, we now wish to find the subset of gauge
transformations (2.2) that respect these conditions. They are defined by restricting the original
gauge parameters in accordance with (4.1), which yields
ξ0 = ℓ
[
T +
1
2
(
∂2T
∂t2
)
ℓ4
r2
]
+O4 , ξ
1 = −ℓ
(
∂T
∂t
)
r +O1 , ξ
2 = S −
1
2
(
∂2S
∂ϕ2
)
ℓ2
r2
+O4 ,
θ0 = −
ℓ2
r
∂0∂2T +O3 , θ
1 = ∂2T +O2 , θ
2 =
ℓ3
r
∂20T +O3 . (4.2)
The functions T and S are such that ∂±(T ∓ S) = 0, with x
± ≡ x0/ℓ ± x2, which implies
T + S = g(x+), T − S = h(x−), where g and h are two arbitrary, periodic functions.
The commutator algebra of the Poincare´ gauge transformations (2.2) is closed: [δ′0, δ
′′
0 ] = δ
′′′
0 ,
where δ′0 = δ0(ξ
′, θ′) and so on. Using the related composition law with the restricted parameters
(4.2), and keeping only the lowest order terms, one finds the relation
T ′′′ = T ′∂2S
′′ + S′∂2T
′′ − T ′′∂2S
′ − S′′∂2T
′ ,
S′′′ = S′∂2S
′′ + T ′∂2T
′′ − S′′∂2T
′ − T ′′∂2ST
′ . (4.3)
Let us separate the parameters (4.2) into two pieces: the leading terms containing T and S define
a (T, S) transformation, while the rest defines the residual (pure gauge) transformation. The
PGT commutator algebra implies that the commutator of two (T, S) transformations produces
not only a (T, S) transformations, but also an additional pure gauge transformation. This result
motivates us to introduce an improved definition of the asymptotic symmetry: it is the symmetry
defined by the parameters (4.2), modulo pure gauge transformations. As we shall see in the next
section, this symmetry coincides with the conformal symmetry .
5. Canonical generators and conserved charges
We continue our study of the asymptotic symmetries and conservation laws in the canonical
formalism [10]. Introducing the canonical momenta (πi
µ,Πi
µ), corresponding to the Lagrangian
variables (biµ, ω
i
µ), we find that the primary constraints of the theory (2.4) are of the form:
φi
0 ≡ πi
0 ≈ 0 , Φi
0 ≡ Πi
0 ≈ 0 ,
φi
α ≡ πi
α − α4ε
0αβbiβ ≈ 0 , Φi
α ≡ Πi
α − ε0αβ(2abiβ + α3ωiβ) ≈ 0 .
Up to an irrelevant divergence, the total Hamiltonian reads
HT = b
i
0Hi + ω
i
0Ki + u
i
0πi
0 + vi0Πi
0 ,
Hi = −ε
0αβ
(
aRiαβ + α4Tiαβ − Λεijkb
j
αb
k
β
)
−∇βφi
β + εimnb
m
β
(
pφnβ + qΦnβ
)
,
Ki = −ε
0αβ (aTiαβ + α3Riαβ + α4εimnb
m
αb
n
β)−∇βΦi
β − εimnb
m
βφ
nβ .
The constraints (πi
0,Πi
0,Hi,Ki) are first class, (φi
α,Φi
α) are second class.
Applying the general Castellani’s algorithm [6], we find the canonical gauge generator:
G = −G1 −G2 , (5.1)
G1 ≡ ξ˙
ρ
(
biρπi
0 + ωiρΠi
0
)
+ ξρ
[
biρHi + ω
i
ρKi + (∂ρb
i
0)πi
0 + (∂ρω
i
0)Πi
0
]
,
G2 ≡ θ˙
iΠi
0 + θi
[
Ki − εijk
(
bj0π
k0 + ωj0Π
k0
)]
.
Here, the time derivatives b˙iµ and ω˙
i
µ are shorts for u
i
µ and v
i
µ, respectively, and the integration
symbol
∫
d2x is omitted in order to simplify the notation. The transformation law of the fields,
δ0φ ≡ {φ ,G}, is in complete agreement with the gauge transformations (2.2) on shell .
The behaviour of momentum variables at large distances is defined by the following general
principle: the expressions that vanish on-shell should have an arbitrarily fast asymptotic
decrease, as no solution of the field equations is thereby lost.
The canonical generator acts on dynamical variables via the Poisson bracket operation, which
is defined in terms of functional derivatives. In general, G does not have well defined functional
derivatives, but the problem can be corrected by adding suitable surface terms [6]. The improved
canonical generator G˜ reads:
G˜ = G+ Γ , Γ ≡ −
∫ 2pi
0
dϕ
(
ξ0E1 + ξ2M1
)
, (5.2)
Eα ≡ 2ε0αβ
[(
a+
α3p
2
)
ω0β +
(
α4 +
ap
2
)
b0β +
a
ℓ
b2β +
α3
ℓ
ω2β
]
b00 ,
Mα ≡ −2ε0αβ
[(
a+
α3p
2
)
ω2β +
(
α4 +
ap
2
)
b2β +
a
ℓ
b0β +
α3
ℓ
ω0β
]
b22 .
The adopted asymptotic conditions guarantee differentiability and finiteness of G˜. Moreover, G˜
is also conserved .
The value of the improved generator G˜ defines the gravitational charge. Since G˜ ≈ Γ, the
charge is completely determined by the boundary term Γ. Note that Γ depends on T and S, but
not on pure gauge parameters. For ξ2 = 0, G˜ reduces to the time translation generator, while
for ξ0 = 0 we obtain the spatial rotation generator. The corresponding surface terms, calculated
for ξ0 = 1 and ξ2 = 1, respectively, have the meaning of energy and angular momentum:
E =
∫ 2pi
0
dϕ E1 , M =
∫ 2pi
0
dϕM1 . (5.3)
Energy and angular momentum are conserved gravitational charges.
Using these results, one can calculate the conserved charges for the black hole [8, 9]:
E = m+
α3
a
(
pm
2
−
J
ℓ2
)
, M = J +
α3
a
(
pJ
2
−m
)
. (5.4)
They differ from the corresponding expressions in Riemannian GRΛ, where α3 = 0.
6. Canonical algebra
The structure of the asymptotic symmetry is encoded in the Poisson bracket algebra of the
improved generators. In the notation G′ ≡ G[T ′, S′], G′′ ≡ G[T ′′, S′′], and so on, the Poisson
bracket algebra is found to have the form
{
G˜′′, G˜′
}
= G˜′′′ + C ′′′, where the parameters T ′′′,
S′′′ are determined by the composition rules (4.3), and C ′′′ is the central term of the algebra.
Expressed in terms of the Fourier modes, this algebra takes a more familiar form—the form of
two independent Virasoro algebras with classical central charges:
{Ln, Lm} = −i(n −m)Ln+m −
c
12
in3δn,−m ,
{
L¯n, L¯m
}
= −i(n −m)L¯m+n −
c¯
12
in3δn,−m , (6.1)
and {Ln, L¯m} = 0. The central charges have the form:
c =
3ℓ
2G
+ 24πα3
(
pℓ
2
+ 1
)
, c¯ =
3ℓ
2G
+ 24πα3
(
pℓ
2
− 1
)
. (6.2)
Asymptotically, the gravitational dynamics is characterized by the conformal symmetry with
two different central charges, in contrast to Riemannian GRΛ, where c = c¯ = 3ℓ/2G.
7. The black hole entropy
A particularly interesting consequence of the theory defined by the action (2.4) is that the entropy
of the black hole with torsion differs from the corresponding Riemannian result. Indeed, the
semi-classical calculation based on the Hamiltonian form of the action leads to
S =
2πr+
4G
+ 4π2α3
(
pr+ − 2
r−
ℓ
)
, (7.1)
where r± are the zeros of N
2. For GRΛ with Riemannian Chern-Simons term (p = 0, α4 = 0,
but α3 6= 0), our formula for S yields Solodukhin’s result [11]. Using the new expressions
(5.4) for energy and angular momentum, one can easily verify that the first law of black hole
thermodynamics takes the form
dE = TdS +ΩdM , Ω ≡ Nϕ(r+) . (7.2)
Thus, the existence of torsion is in complete agreement with the first law of thermodynamics.2
8. Concluding remarks
3d gravity with torsion, defined by the action (2.4), is based on an underlying Riemann-
Cartan geometry of spacetime.
The theory possesses the black hole solution (3.2), a generalization of the Riemannian
BTZ black hole. Energy and angular momentum of the black hole differ from the corresponding
Riemannian expressions in GRΛ.
The AdS asymptotic conditions (4.1) imply the conformal symmetry in the asymptotic
region, which is described by two independent Virasoro algebras with different central charges.
The existence of different central charges (α3 6= 0) modifies the black hole entropy, but
remains in agreement with the first law of thermodynamics.
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